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Problem 10.«Bent decompositions»

Problem for a special prize!

Boolean bent functions are studied since 60-s of XX century in connection to crypto-
graphic applications of them and their generalizations, [1].

We invite you to study the following open problem: is it true that an arbitrary Boolean
function in n variables (n is even, n ⩾ 2) of degree not more than n/2 can be represented
as the sum of two bent functions in n variables?

This question was raised in 2011 in close connection with the problem of the asymp-
totic value of the number of all bent functions in n variables. There is a hypothesis that
the answer is «yes». For now all known facts confirm the hypothesis. The hypothesis was
checked for n = 2, 4, 6 and for some special classes of Boolean functions.

Could you obtain new results in connection to this hypothesis?
More details. A Boolean function f : Zn

2 → Z2 in an even number of variables n is
called a bent function if it is at the maximum Hamming distance from the set of all affine
Boolean functions in n variables. Equivalently, the Walsh–Hadamard transform of f ,

Wf(y) =
∑︂
x∈Zn

2

(−1)f(x)⊕⟨x,y⟩, y ∈ Zn
2 ,

takes only the values ±2n/2. The set of all bent functions in n variables is denoted by Bn.
Hypothesis. Let n be an even positive integer. Then every Boolean function in n

variables of degree at most n/2 can be represented as the sum of two bent functions in n
variables. In other words, for every Boolean function f in n variables with deg f ⩽ n/2,
there exist bent functions g, h ∈ Bn such that f = g ⊕ h.

The hypothesis was stated in [2] and verified by computer for n ⩽ 6 in [2; 3].
Known results.
• It is proved in [4] that every Boolean function in n variables of degree d, where

d ⩽ n/2 and n is even, can be represented as the sum of a constant number of bent
functions in n variables. The constant depends on d and n.

• Every cubic Boolean function in 8 variables is the sum of not more than 4 bent
functions in 8 variables, see [4].

• A bent function is decomposable into the sum of two bent functions if and only if
its dual bent function is also decomposable, see [5].

• It is proved in [6] that the hypothesis holds for n ⩽ 6; every quadratic Boolean
function in n variables is the sum of two bent functions. It is shown that every Maiorana–
MacFarland bent function and every partial spread function for an arbitrary n are also
decomposable.
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• It is proved in [7] that every bent function in 8 variables of degree at most 3 can
be represented as the sum of two bent functions in 8 variables; every quadratic Boolean
function in an even number of variables n ⩾ 4 can be represented as the sum of two bent
functions of a special form.

The problem. Please, try to prove or disprove the hypothesis. You can consider
some partial subclasses of Boolean functions for the investigation. Here are variations of
classes:

• All Boolean functions of degree 4 in 8 variables.
• All cubic Boolean functions for all even n.
• All Boolean functions of degree ⩽ n/2 that depend essentially on at most n/2 + c

variables, where c ⩾ 2.
• Decomposition to sum of a constant number of bent functions, where the constant

does not depend on n.
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