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Problem 6. «Boolean hidden shift
and quantum computings»

Special Prize from the Program Committee!

The following long-standing problem is known. Let f : Fn
2 → F2 be a given Boolean

function. Determine the hidden nonzero shift a ∈ Fn
2 for the function, i.e. a vector such

that fa(x) = f(x ⊕ a) for all x ∈ Fn
2 . And do it having a limited access to an oracle.

Such a problem is called the Boolean hidden shift problem (BHSP).
In order to solve this problem on a quantum computer, an oracle that computes

the shifted function in the phase is used. This oracle can be implemented using only
one query to an oracle that computes the function in a register. The phase oracle
is Ofa : |x〉 7→ (−1)f(x⊕a)|x〉. The quantum query complexity is the minimum
number of oracle Ofa accesses needed in the worst case to solve the problem.

There are two classes of Boolean functions for which the quantum query complexity
is minimal and maximal respectively:

• for any bent function, i. e. a function in even number of variables that is on
the maximal possible Hamming distance from the set of all affine functions, one
quantum query suffices to solve the problem exactly [1];

• for any delta function, i. e. f(x) = δx,x0
for some x0 ∈ Fn

2 , the quantum query
complexity is Θ

(
2n/2

)
, which is equivalent to Grover’s search [2,3].

For any Boolean function f in n variables

Q (BHSPf) = O
(

2n/2
)
,

where Q (BHSPf) is the bounded error quantum query complexity of the BHSP for f .
Moreover, it holds [4]

Q (BHSPf) 6
π

4

2n/2√
wt(f)

+O
(√

wt(f)
)
,

when 1 6 wt(f) 6 2n−1, where wt(f) is the Hamming weight of f .

Turn to the next page.
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The problem to solve is the following: identify natural classes of Boolean
functions in even number of variables lying between the two extreme cases of bent and
delta functions and characterize the quantum query complexity of the BHSP for these
functions [4].
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